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Motivation

Weighting adjustments are commonly applied in surveys to
compensate for nonresponse and noncoverage.

Typically, each observation is assigned a sampling weight that is equal
to the reciprocal of the probability of selection.

The sampling weights can be further adjusted to compensate for the
fact that persons with certain characteristics are not as likely to
respond to the survey.

Raking is a post-stratification procedure to match marginal
distributions of a survey sample to known population margins on a
specified set of variables.
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Motivation

Raking offers a distinct advantage in that only the marginal control
totals of each auxiliary variable are needed.

When the raking margins are highly correlated, the raking process
may take a large number of iterations to converge.

One possible solution is to combine multiple variables to form a single
dimension, when the joint distribution with respect to the auxiliary
variables is available.

The aim of our study is to compare the performance of the raking
algorithm when using a single variable versus using multiple grouping
variables for raking margins.
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Basic Algorithm

In a cross-classification that has J rows and K columns, we denote
the sum of individual weights wi (i = 1, ..., njk) in cell (j , k) by wjk .

The initial row totals and column totals of the sample weights are
wj+ and w+k respectively.

Similarly, we denote the corresponding population control totals by
Tj+ and T+k .

Figure: Example of the basic raking algorithm.
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Basic Algorithm

The iterative raking algorithm produces modified weights.

In the two-variable cross-classification, we use m
(1)
jk for the sum of the

modified weights in cell (j , k) at the end of step 1.

If we begin by matching the control totals for the rows, Tj+, the
initial steps of the algorithm are

m
(0)
jk = wjk (j = 1, ..., J; k = 1, ...,K )

m
(1)
jk = m

(0)
jk (Tj+/m

(0)
j+ ) (for each k within each j)

m
(2)
jk = m

(1)
jk (T+k/m

(1)
+k) (for each j within each k)

The adjustment factors are actually applied to the individual weights
in the cell (j , k).
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Basic Algorithm

In the iterative process, an iteration rakes both rows and columns.
For iteration s(s = 0, 1, ...), we may write

m
(2s+1)
jk = m

(2s)
jk (Tj+/m

(2s)
j+ )

m
(2s+2)
jk = m

(2s+1)
jk (T+k/m

(2s+1)
+k )

The raking algorithm proceeds by proportionately scaling the mjk

such that the relations are satisfied in turn

K∑
k

mjk = mj+ = Tj+,

J∑
j

mjk = m+k = T+k

The process terminates either after a fixed number of iterations or
when each marginal total of the raked weights is within a specified
tolerance of the corresponding population control total.
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Comparison between Raking Estimators

We derive estimators with the two raking approaches separately, for a
simple case of a 2 x 2 cross-classification.

Scenario 1: we rake on the two auxiliary variables sequentially.

We denote m
(2)
jk as the sum of the modified weights in cell (j , k) at

the end of step 2:

m
(2)
11 = (m

(0)
11 × T1+

m
(0)
1+

)× T+1

(m
(0)
11 × T1+

m
(0)
1+

) + (m
(0)
21 × T2+

m
(0)
2+

)
(1)

Scenario 2: assuming that the population totals for the
cross-classification Tjk are known, we combine the two auxiliary
variables to form a single margin.

We denote u
(2)
jk as the sum of the modified weights in cell (j , k) at

the end of step 2.
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Comparison between Raking Estimators

Assume that for a general survey characteristic Yjki , we are interested
in estimating the population total Y with the statistic

Ỹ =
J∑
j

K∑
k

mjk

njk
(

njk∑
i

yjki ) (2)

Let ȳjk be the sample mean for cell (j , k). We have

Ỹ2 − Ỹ1 =
2∑

j=1

2∑
k=1

{
u
(2)
jk

njk
(

njk∑
i

yjki )−
m

(2)
jk

njk
(

njk∑
i

yjki )} (3)

=
2∑

j=1

2∑
k=1

(Tjk −m
(2)
jk )ȳjk (4)

The difference between the two raking estimators depends on
population totals, initial sampling weights, and the individual-level
survey outcome.
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Properties Conditioning on Sample

Assume that for a general survey characteristic Yjki , in a simple
random sampling setting, we are interested in estimating the
population total Y with the statistic

Ỹ =
J∑
j

K∑
k

mjk

njk
(

njk∑
i

yjki ) (5)

Let Ȳjk be the population mean for cell (j , k). Given sample counts
n = (n11, n12, ..., nJK ), the conditional expected value of Ỹ is

E (Ỹ |n) =
J∑
j

K∑
k

mjk Ȳjk = Y +
J∑
j

K∑
k

(Ȳjk − Ȳ )(mjk − Njk). (6)
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Properties Conditioning on Sample

Applying the equation

Ȳjk − Ȳ = (Ȳj − Ȳ ) + (Ȳk − Ȳ ) + (Ȳjk − Ȳj − Ȳk + Ȳ ), (7)

the conditional bias given n can be written as

Bias(Ỹ |n) =
J∑
j

(Ȳj − Ȳ )(mj+ − Tj+) +
K∑
k

(Ȳk − Ȳ )(m+k − T+k)

+
J∑
j

K∑
k

(Ȳjk − Ȳj − Ȳk + Ȳ )(mjk − Tjk).

When the iterative raking algorithm converges, the first two terms of
the conditional bias should be approximately zero, leaving the third to
be the driving term.

For the third term to be zero, it is sufficient that the Yjk be such that
there is no interaction.
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Comparison through LA County Smile Survey

Los Angeles County Smile Survey screened kindergarten and
third-grade children at a representative sample of public elementary
schools during the 2018–2019 and 2019–2020 school years.

The oral health measures collected included the number of teeth with
untreated decay, the number of teeth with treated decay, the status of
each permanent first molar, and the urgency of need for dental care.

In this empirical study, we focus on data collected from the 4,546
third-grade children.

Sampling weights are determined by the inverse probability of
selection, based on the sampling design.
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Comparison through LA County Smile Survey

Raking is used to generate weights to ensure that the survey totals
matched the known population totals in terms of the school district
(LAUSD vs. non-LAUSD), gender, race/ethnicity, and socioeconomic
status (SES).

The selection criteria for these raking variables include that:

control totals of these variables add up to the same population total
usually no missing categories
the raking variables are associated with oral health outcomes,
participant coverage, and response rates

We compare weights and estimations across three weighting schemes:

Sampling weights
Raking 1: LAUSD + SES + Race/Ethnicity + Gender
Raking 2: LAUSD x SES x Race/Ethnicity + Gender
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Comparison through LA County Smile Survey

Table 1. Compare outcomes using sampling weights and raking weights
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Comparison through Simulation Study

In the case study analysis, it is not possible to evaluate bias due to
the lack of a gold standard or any known truth about the outcome
measures of interest in the population.

The simulation study aims to measure the magnitude of differences in
terms of empirical bias, standard error, and execution time.

We evaluate the estimates for population prevalences and means for
oral health outcome variables.

We assume that the outcome variable model contains three main
effect covariates: school district, SES (yes and no) and race/ethnicity
(Hispanic and non-Hispanic).

All statistically significant two-way interaction terms between the
three main effect variables are included in the outcome model.
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Comparison through Simulation Study

Table 2. Empirical results for the three weighting schemes over repeated
sampling (10,000 simulation samples)
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Summary

We compared the performance of the raking algorithm when using a
single variable versus using multiple grouping variables for raking
margins.

The raking algorithm has the potential to reduce both average bias
and average standard error in estimates compared with sampling
weights.

Furthermore, raking through cross-classification, especially when there
is an interaction effect between auxiliary variables, can improve the
performance of an estimator, based on joint distributions available at
the population level.
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Thank You!
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Comparison through Simulation Study

The implementation of the simulation is based on the framework and
involves the following steps:

1 Generate an artificial finite population of size N that contains 8
subpopulations defined by the categories of the three auxiliary
variables (2 x 2 x 2). The subpopulation size Nij is determined based
on the population distribution of LA County third-grade students.

2 Generate the value for the outcome variable Y . The outcome model
parameters are determined based on the LA County Smile Survey
third-grade data.

3 Select a stratified random sample of size n from the population, with
school districts as the strata.

4 Conduct survey weighting using sampling weights, raking with
single-variable margins, and raking with joint distribution (school
district x SES x race/ethnicity), respectively. Obtain the estimates for
the outcome variables and then compare the empirical results.
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Comparison through Simulation Study

The model for the outcome variable Y is specified as follows. For a
binary response:

P(Yijk = 1) = logit−1(µ+ αi + βj + γs + αiβj + αiγs + βjγs + ϵijk)

i = 1, 2; j = 1, 2; s = 1, 2; k = 1, ...,Nij

where Nij is the population size in cell (i , j) for the survey, and
ϵijk ∼ N(0, σ2).

In the model, α measures the main effect of SES, β measures the
main effect of race/ethnicity, and γ measures the main effect of
school district.

For a count response, we employ a Poisson regression model with a
similar covariate structure.
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